
Chapter 3

Electronic properties of
nanostructures: Tunneling &
Josephson effects

The description of tunneling of particles through barriers is one of the milestones of
quantum mechanics, and treated in every basic course of quantum mechanics. The
physics of tunneling applies to many different fields, ranging from particle pyhsics
(e.g. nuclear fusion or radioactive α-decay) to astrochemistry, biology and solid state
systems. In the latter, the tunnel junction, i.e, a device where electrons can tun-
nel through a barrier (insulator or vacuum) plays an important role for applications,
such as the tunnel diode or the scanning tunneling microscope. First attempts to
experimentally confirm tunneling of electrons through a thin insulating barrier sep-
arating two metallic electrodes have been made by Ivar Giaever and coworkers in
the 1950s. A major difficulty in those experiments was to prove that the measured
current-voltage characteristics (IVC) are indeed due to tunneling rather than metallic
conduction through shorts in the barrier – both give rise to a linear IVC. This lead
Giaver to use superconducting electrodes, for wich non-linear IVCs in tunneling de-
vices could be expected. This approach was a major success, as it provided not only an
experimental proof of tunneling of electrons in solid state devices, but it also provided
a clear experimental proof of the existence of an energy gap for the excitation of un-
paired electrons (quasiparticles) in superconductors, as predicted by Bardeen, Cooper
and Schrieffer within the first microscopic theroy of superconductivity (BCS-Theory).1

When Giaever stepped out of physis in the early 1960s, a young student at Cambridge
University stepped in - Brian Josephson. He predicted in his theoretical work, that
not only tunneling of single electrons, but also tunneling of Cooper pairs (the charge
carriers in supercondutors) can be significant. This work provided the foundation of
superconducting electronics, based on the Josephson junction (two superconducting
electrodes separated by a weak link, e.g. an insulating tunneling barrier), with a large
variety of applications, e.g. in high-speed computing, quantum computing (Google,
IBM, . . .), quantum sensing of magnetic fields and radioastronomy, to name just a few.

In this chaper, we will discuss the basics of tunneling of electrons through insulat-
ing barriers between normal metals and superconductors (Sec. 3.1) and then treat in

1For his achievements, Ivar Giaever was awarded the Nobel prize in physics 1973.
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96 Chapter 3 Electronic properties of nanostruct.: Tunneling & Josephson effects

Sec. 3.2 tunneling of Cooper pairs (Josephson effects) and a prominent device based
on this – the superconductiong quantum interference device (SQUID) – which is used
in many fields of applications, ranging from biomagnetism and geophysical survey, to
metrology, scanning probe microscopy and frequency-tunable superconducting quan-
tum circuits.

3.1 Tunneling effects (metals, superconductors)

In this section, we consider electric transport based on the tunneling of electrons
through barriers between metallic or superconducting electrodes. To start with, we
consider first the tunneling between metallic electrodes.

3.1.1 Tunneling through barriers & metallic tunnel junctions

The tunneling effect is a quantum mechanical process, and is based on the fact that
the probability density Ψ∗Ψ for the wave function Ψ remains continuous even at
discontinuous potential steps.

This leads, e.g., at a metall/vacuum interface (x = 0) to a wave function for an
electron (with Fermi energy EF), which does not disappear outside the metal; instead,
its amplitude decays exponentially with increasing distance x from the interface – i.e.
in the classically forbidden regime – with |Ψ| ∝ exp{−κx}.

Here, the inverse decay length is given as κ ∼= (2m/ℏ2)1/2ϕ1/2, with der electron
mass m and the work function2 ϕ of the metal.3, 4

In the following we consider tunneling of electrons through insulating (I) bar-
riers. Here, the electrode materials can be metallic (N: normal conductor), or
e.g. ferromagnetic (F), or superconducting (S).

For tunneling of quasiparticles5 between superconducting electrodes, the modified
density of states (as compared to the normal metallic state) – and in particular the
emergence of an energy gap in the excitation spectrum of the quasiparticles –
plays an important role.

In the case of F-electrodes, the disappearance of the degeneracy of spin states
in the density of states plays a decisive role. This can lead to different density of
states for spin-up and spin-down electrons at the Fermi level, which corresponds to a
finite spin polarization.

2Difference between vacuum level and EF
3E. L. Wolf, Principles of electron tunneling spectroscopy, Oxford Univ. Press (New York), 1985.
4Obviously, tunneling processes are not restricted to the transport of electrons (famous example:

emission of α particles at the deay of heavy nuclei; already in 1928 identified as tunneling process).
5Unpaired electrons in a superconductor
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basic distinctions in the theoretical treatment of electron tunneling:

• elastic vs. inelastic tunneling:
elastic tunneling → energy of the electrons does not change during the tun-

neling process
inelastic tunneling → electrons gain or loose energy during tunneling

due to excitation or absorption of elementary
excitations in a solid
(phonons, magnons, plasmons,. . .)

• 1-dimensional vs. 3-dimensional tunneling:
for simplification one often assumes a 1-dim. potential barrier
→ often sufficiently good approximation for the treatment of planar

metal/insulator/metal tunnel junctions
(e.g., current in x direction across a barrier in the (y, z) plane)

→ other tunneling structures (e.g. tunneling from a tip into a planar surface)
however require the treatment of the the 3-dim. problem

• rectangular potential barrier vs. arbitrarily shaped potential barrier:

rectangular barrier can be treated much more easily;
however, is often a bad approximation for real tunneling structures

Fields of applications:

• Tunneling spectroscopy as a characterization method (in particular, scanning
tunneling spectroscopy with high spatial resolution)

• Devices (e.g. Josephson junctions, magnetic tunnel junctions, . . .)
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Elastic tunneling through 1-dim. rectangular barrier

We consider the situation shown in Fig. 3.1, where an electron with energy E and mass
m hits a barrier (thin insulating layer) of height U0 and thickness d.
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Fig. 3.1: One-dimensional,
rectangular potential bar-
rier with height U0 and
thickness d.

For the three sections I, II and III one obtains the following time-independent
Schrödinger equations and the corresponding Ansatz for the electron wave functions
Ψ(x):

section I:

− ℏ2

2m

∂2ΨI

∂x2
= EΨI (3.1)

with

ΨI = eikx + Ae−ikx with k2 = 2mE/ℏ2 (3.2)

section II:

− ℏ2

2m

∂2ΨII

∂x2
+ U0ΨII = EΨII (3.3)

with

ΨII = B e−κx + C eκx with κ2 = 2m(U0 − E)/ℏ2 (3.4)

section III:

− ℏ2

2m

∂2ΨIII

∂x2
= EΨIII (3.5)

with

ΨIII = D eikx (3.6)

⇒ an incident wave eikx from left
- is reflected with amplitude A at x = 0,
- decays exponentially as e−κx inside the barrier (0 < x < d)
- and propagates with Deikx at the right side of the barrier (x > d).

The ratio of transmitted electron current Jt over incident current Ji yields the trans-
mission coefficient, or tunneling probability

Tm ≡ Jt
Ji

= |D|2 (3.7)

(= probability for a particle to go through the barrier).
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The total wave function follows then from the continuous matching of the so-
lutions at the potential steps,6

i.e. by considering the corresponding boundary conditions
(continuity of Ψ and ∂Ψ/∂x at the insulator/electrode interfaces at position x = 0, d)

With this wave function, one can then determine Tm.

Within the frequently used approximation d≫ κ−1 follows7

Tm =

(
4kκ

k2 + κ2

)2

e−2κd (3.8)

→ the tunneling probability and hence the tunneling current
decays exponentially with increasing thickness d of the potential barrier.

The inverse decay length κ = [2m(U0 − E)]1/2/ℏ
ist determined by the effective height (U0 − E) of the potential barrier.

For typical heights of the potential barrier in the eV range ⇒ decay length 1/κ ≈ 1 Å

⇒ exponential factor in (3.8) becomes very small
already for barrier thicknesses of a few Å.

⇒ strong dependence of the tunneling current on barrier thickness d
already for changes of d in the Å range.

6This approach depicted here is also called the wave matchingmethod, as one solves the Schrödinger
equation in different sections and then matches the solutions continuously.

7E. L. Wolf, Principles of electron tunneling spectroscopy, Oxford Univ. Press (New York), 1985.
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Tunneling current I as a function of applied voltage V

Measured quantities in tunneling experiments:
- tunneling current I(V )
- or its derivative, the differential tunneling conductance G(V ) ≡ ∂I/∂V
- or the inverse quantity ∂V/∂I (differential tunneling resistance)
as a function of the voltage drop V across the barrier.

If V = 0 → Fermi energy EF is the same for both electrodes.

If V ̸= 0 (applied voltage) → energy difference eV between the Fermi
energies of the two electrodes.

Our convention:
Positive voltage V lowers energy of states in the right electrode (2) with respect to the
left electrode (1) by eV .

The tunneling current I12 from electrode (1) to electrode (2) is determined by:8

number of tunneling electrons ∝ number of occupied states in (1)
× number of unoccupied states in (2)

× tunneling probability Tm
and vice versa for the current I21 from (2) to (1).

⇒ measuring the tunneling characteristics I(V ) can yield important information
on the electronic structure of the electrode materials and the barrier;

→ in particular, this allows one to draw conclusions on the densities of states Di(E)
of the electrodes i = 1, 2 (resolution is limited by the thermal energy kBT )

In the following we consider only elastic tunneling processes
(energy of the charge carriers remains unchanged in the tunneling process)

⇒ tunneling current I12 from left electrode (1) to right electrode (2):

I12 ∝
+∞∫

−∞

Tm(ϵ)×D1(ϵ− eV )f(ϵ− eV )×D2(ϵ){1− f(ϵ)}dϵ (3.9)

and tunneling current I21 from right electrode (2) to left electrode (1):

I21 ∝
+∞∫

−∞

Tm(ϵ)×D2(ϵ)f(ϵ)×D1(ϵ− eV ){1− f(ϵ− eV )}dϵ , (3.10)

with energy ϵ ≡ E−EF (i.e., referred to the Fermi level EF of the respective electrode)
→ integration goes from −∞ to +∞; f(ϵ) is the Fermi distribution

f(ϵ) ≡ 1

exp{ϵ/kBT}+ 1
. (3.11)

The difference (3.9)–(3.10) yields then the net tunneling current:

I ≡ I12 − I21 ∝
+∞∫

−∞

Tm(ϵ)×D1(ϵ− eV )D2(ϵ)× [f(ϵ− eV )− f(ϵ)]︸ ︷︷ ︸
only ̸=0 for small ϵ, i.e.,E≈EF

dϵ . (3.12)

8Follows from Fermi’s golden rule
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So far, our considerations are generally valid for arbitrary density of states.
In the following, we consider the

normal conductor/insulator/normal conductor (NIN) junction:

Both electrodes ’Ni’ (i=1,2) shall be normal conducting (metallic).

We make the following assumptions:

• the energy dependence of the density of states DNi
near the Fermi level shall be

negligible, i.e., we set DNi
(E) = DNi

(EF) = const.
(free electron gas in 3-D: D(E) ∝

√
E)

• the tunneling probability Tm shall not depend on the energy E,
i.e., we set Tm(E) = Tm(EF) = const. (high barrier, independent of V )

With this, from Eq. (3.12) follows

I ∝ DN1(EF)DN2(EF)Tm(EF)︸ ︷︷ ︸
=const.

+∞∫
−∞

[f(ϵ− eV )− f(ϵ)]dϵ

︸ ︷︷ ︸
∝eV

. (3.13)

⇒ linear tunneling characteristics I ∝ V , i.e., voltage-independent tunneling con-
ductance (∂I/∂V )NN ≡ GNN ∝ DN1(EF)DN2(EF) ≈ const.

(for the case that the temperature T = 0
or – if V does not become too large – also for the case of finite temperature T ̸= 0)

Illustration by the schematic E(D) diagram in Fig. 3.2:
→ number of occupied states in electrode (1) [dark green area]

which are facing unoccupied states in electrode (2)
increases linearly with V .
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Fig. 3.2: N/I/N junction: (a) Density of states diagram E(DNi) with two metallic electrodes
N1, N2. The colored areas represent the density of occupied states D(E)f(E, T ). (b) IV-
characteristics. (c) Sample layout for a tunneling experiment (top view): two thin film bridges
are separated by a thin insulating tunneling barrier.
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3.1.2 Superconductors: Quasiparticle tunneling

We consider now elastic tunneling of unpaired electrons (”quasiparticles”)
in normal conductor/insulator/superconductor (NIS) and superconduc-
tor/insulator/superconductor (SIS) tunnel junctions.

This is based on the general considerations, as discussed in Sec. 3.1.1 for the description
of tunneling through barriers; i.e. in particular, that the insulating tunnel barrier has
to be sufficiently thin (typically ∼ 1 nm), so that the overlap of the wave functions
between the electrodes leads to a finite probability for tunneling through the barrier.

For the density of states DS(ϵ) of the quasiparticles in a superconductor follows from
the Bardeen-Cooper-Schrieffer (BCS) theory

DS(ϵ) = DN(0)
|ϵ|√

ϵ2 −∆2
if |ϵ| ≥ ∆

DS(ϵ) = 0 if |ϵ| < ∆ . (3.14)

Here, ∆ is the energy gap for quasiparticle excitations in the superconductor, and DN is
the density of states of the material in the normal conducting state. The energy is again
referred to the Fermi level, i.e. ϵ = E−EF. The shape ofDS(ϵ) is shown in Fig. 3.3. The
density of states DS disappears within the energy gap |ϵ| < ∆ around the Fermi energy.
At energies ϵ = ±∆, the density of states diverges and for further increasing values
of |ϵ|, DS approaches rapidly the density of states DN(0) for the normal conducting
state. Within the BCS approximation one has the relation 2∆(T ≪ Tc) ≈ 3.5 kBTc
(Tc: transition temperature).
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Fig. 3.3: Quasiparticle density of states
DS vs energy ϵ = E − EF for a super-
conductor with energy gap ∆. The en-
ergy is normalized to ∆ and the density
of states to the value DN in the normal
conducting state at EF.

Due to the drastically modified quasiparticle density of states in superconductors, we
can expect a significant change of the tunneling characteristics, if one or both metallic
electrodes undergo a transition into the superconducting state.
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NIS junction:

In the following, we consider the case that one of the two electrodes is superconducting,
i.e., we have a NIS junction. With the help of the corresponding density of states
diagram in Fig. 3.4(a), one can easily understand the shape of the IV characteristics,
which is significantly modified as compared to that of a NIN junction. Figure 3.4(a)
shows the situation with applied voltage V , which lowers the states of the S electrode
by eV ≈ ∆/2.

Upon applying a voltage V < Vg = ∆/e (Vg is denoted as the ‘gap voltage’) [see
Fig. 3.4(a)], initially there flows no (for T = 0), or only a very small (for finite T )
tunneling current. This is because due to the energy gap in the S electrode there
are no unoccupied quasiparticles states available. Only when eV = ∆ is reached,
the tunneling current increases strongly, as then occupied states at the Fermi level
in the normal conductor are facing a high density of unoccupied quasiparticle states
in the superconductor. For eV ≫ ∆, the tunneling characteristics again approaches
(within the simplest approximation) the linear characteristics of a NIN junction (see
Fig. 3.4(b)).
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Fig. 3.4: N/I/S junction: (a) density of states diagram for the case of an applied voltage V ≈
∆/2e at finite T , indicated by the smearig of the Fermi distribution (colored areas indicate
occupied states). (b) IV characteristics at T = 0 and T > 0. The dashed curve is the tunneling
characteristics for the case that both electrodes are normal conducting (NIN junction). For
large voltages, the NIS characteristics approach asymptotically the NIN characteristics.

With the assumption that the density of states of the normal conductor DN(ϵ) =
DN(0) =const. (with ϵ ≡ E − EF), one can take this out of the integral, and the
tunneling current follows as

I ∝ DN(0)

+∞∫
−∞

DS(ϵ)[f(ϵ− eV )− f(ϵ)]dϵ . (3.15)
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For the differential conductance G ≡ (∂I/∂V ) follows then

GSN(V ) ∝
+∞∫

−∞

DS(ϵ)K(ϵ− eV )dϵ . (3.16)

Hence, GSN is the convolution of the superconducting density of states DS(ϵ) with
K(ϵ− eV ), i.e., the derivative of the Fermi distribution f(ϵ− eV ) with respect to V

∂f(ϵ− eV )

∂V
≡ K = eβ

exp[β(ϵ− eV )]

{1 + exp[β(ϵ− eV )]}2
with β ≡ 1/kBT . (3.17)

Figure 3.5 shows the density of states DS(ϵ), the function K(ϵ) and the tunneling
conductance GSN(V ), as calculated from Eq. (3.16):
The function K(ϵ) has a maximum at ϵ = eV and becomes a delta function in the limit
T → 0. In this limit, GSN(V ) has the same functional shape as DS(ϵ). This means
that the measurement of the tunneling characteristics yields at low temperatures just
the density of states of the superconductor.
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Fig. 3.5: N/I/S-junction: (a) den-
sity of states DS(ϵ) according to
Eq. (3.14);

(b) function K(ϵ) for eV ≈ ∆/2
according to Eq. (3.17);
(c) tunneling conductance GSN(V )
according to Eq. (3.16) [after
R. Meservey, P. M. Tedrow,
Physics Reports 238, 173 (1994)].

The analysis described above goes back to Giaever and Megerle9. This has been ex-
tended to superconductor/insulator/ferromagnet (SIF) junctions. This allows for the
determination of the spin polarization of ferromagnets.10

9I. Giaever, K. Megerle, Phys. Rev. 122, 1101 (1961)
10P.M. Tedrow, R. Meservey, Phys. Rev. Lett. 26, 192 (1971)

https://doi.org/10.1103/PhysRev.122.1101
https://doi.org/10.1103/PhysRevLett.26.192
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SIS junction

The case of quasiparticle tunneling in superconductor/insulator/superconductor (SIS)
junctions is shown in Fig. 3.6, for two superconductors with different energy gap ∆I <
∆II.
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Fig. 3.6: SIS junction with energy gap ∆I < ∆II: (a), (b) density of states diagrams for
0 < T < Tc at (a) eV = ∆II −∆I and (b) eV = ∆II +∆I. (c) current-voltage characteristics
for 0 < T < Tc (solid line) and for T = 0 (dahed line) [adapted from W. Buckel, R. Kleiner,
Supraleitung, Wiley-VCH Weinheim, 7. Aufl. (2013); Abb.3.15].

The thermal occupation of excited states above the energy gap leads to a local max-
imum in the I(V ) characteristics at V = (∆II − ∆I)/e, as under this condition the
thermally excited (occupied) states in SI are facing a high density of unoccupied states
in SII. This local maximum disappears in the case T → 0, as there will be no thermally
excited quasiparticles available.

With further increasing voltage, the tunneling current decreases again, until a steep
rise in the tunneling current appears at the gap voltage Vg = (∆II + ∆I)/e. Here, a
high density of occupied states (below the energy gap) in SI is facing a high density of
unoccupied states in SII. Note that if the two electrodes are from the same material
(i.e. ∆I = ∆II = ∆) the gap voltage of the SIS tunnel junction is Vg = 2∆/e, i.e. a
factor of two larger than Vg of the NIS tunnel junction. 11

11For his contributions to quasiparticle tunneling in NIS and SIS junctions, and in particular for
the related clear experimental proof of the existence of an energy gap in the quasiparticle spectrum
of superconductors, as predicted by the BCS theory, Ivar Giaever received in 1973 the Nobel prize in
physics, together with Leo Esaki and Brian Josephson.
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3.2 Josephson effects & SQUIDs

3.2.1 Weak superconductivity: Josephson effects

So far, for SIS-junctions we have only considered the tunneling of unpaired electrons
(quasiparticles). In the following, we will discuss the tunneling of Cooper pairs between
two superconducting electrodes. This effect has been predicted by Brian D. Josephson
in a theoretical work in the year 1962 12, and it has been confirmed experimentally one
year later by Anderson and Rowell 13.

Starting point is the fact that all the electric charge carriers (Cooper pairs) in a su-
perconductor can be described by a single macroscopic wave function Ψ = Ψ0e

iφ, with
amplitude Ψ0 and phase φ. The squared modulus of the amplitude, |Ψ0|2, is propor-
tional to the Cooper pair density ns. According to the 2. Ginzburg Landau equation,
the Cooper pair current (and hence the momentum, or the velocity of the Cooper
pairs) is related to a gradient of the phase. For the supercurrent density js one finds
the relation

js =
qsns

ms

(ℏ∇φ− qsA) . (3.18)

Here, A is the vector potential, which is via ∇ ×A = B connected to the magnetic
induction (flux density) B; qs = 2e is the charge and ms = 2me is the mass of the
Cooper pairs. With the definition of the gauge-invariant phase gradient

∇ϕ ≡ ∇φ− qs
ℏ
A (3.19)

one has js = qsns

ms
ℏ∇ϕ, i.e. js ∝ ns∇ϕ. By integration of (3.19) one obtains the

gauge-invariant phase

ϕ(r) = φ(r)− qs
ℏ

∫ r

r0

Adr . (3.20)

We consider now two superconductors S1 and S2, with the macroscopic wave functions
Ψ1 = Ψ0,1 · eiφ1 and Ψ2 = Ψ0,2 · eiφ2 .

Question: what happens when the two superconductors are coupled via a weak link ?

→ is there a relation between the wave functions Ψi (phases φi) and current Is
across the weak link (e.g. insulating tunnel barrier; see Fig. 3.7) ?

12B. D. Josephson, Possible new effects in superconductive tunneling, Phys. Lett. 1, 251 (1962).
Josephson received in the year 1971 the Nobel prize in physics for his theoretical work on the Cooper
pair tunneling, which is also denoted as the Josephson effect.

13P. W. Anderson and J. M. Rowell, Possible observation of the Josephson superconducting tunneling
effect, Phys. Rev. Lett. 10, 230 (1963).

https://doi.org/10.1016/0031-9163(62)91369-0
https://doi.org/10.1103/PhysRevLett.10.230
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Ψ1= Ψ0,1 eiϕ
 1 

Ψ2= Ψ0,2 eiϕ
 2 

Fig. 3.7: Schematic representation of a Josephson tunnel junc-
tion with superconducting electrodes (S1, S2) and insulating
barrier (I). One injects a current I, and detects the voltage U
across the junction.

Weak, but finite coupling of superconducting electrodes
→ overlap of the wave functions Ψi

→ supercurrent through the barrier

S/barrier/S configuration:

(barrier plane ⊥ x;
cross section AJ =const.)

S1 S2

I

x

Upon injection of a constant current I in this device (here: I in x-direction), the
supercurrent density in x-direction has to be constant:

js(x) = I/AJ = const. .

Hence, because j⃗s ∝ ns∇⃗ϕ from (3.18)

ns(x) ·
∂ϕ

∂x
(x) = const. . (3.21)

A change in the charge carrier density ns at the weak link is compensated by an
according change in ∂ϕ/∂x.

ns 

x φ 

S2 S1 N 
or 
I 

x 

In the barrier region (normal conductor N or
insulator I):

ns is small [’Dip’ in ns(x)]
⇒ ∂ϕ/∂x is large [’Peak’ in ∂ϕ/∂x(x)]
⇒ ϕ(x) makes a step

For a very thin barrier with ns → 0
⇒ ϕ(x) makes a ’jump’ at the barrier

⇒ Weak link characterized by

phase difference δ ≡ ϕ2 − ϕ1

= φ2 − φ1 −
qs
ℏ

∫ 2

1

Axdx (3.22)

→ analogous to js ∝ ∇ϕ in (3.18) for the current density in a homogeneous supercon-
ductor, the supercurrent density across the junction becomes a function of the
phase difference js = js(δ).
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Question: what is the functional relation js(δ)?

→ ’Motivation’ for js(δ) from simple considerations:

• Phases ϕi are unique modulo 2π

⇒ js = periodic function of δ

js =
∑
n

j0n sinnδ +
∑
n

j̃0n cosnδ (n = 1, 2, . . .)

• time reversal invariance

js → −js upon time reversal
phase δ → −δ upon time reversal (ψ ∝ e−iωt)

}
⇒ js(δ) = −js(−δ)

⇒ cos-terms can be excluded: js =
∑
n

j0n sinnδ

• Very often: fast convergence j0n ≪ j01 for n > 1

⇒ js = j0 sin δ 1. Josephson equation (3.23)

(or with current Is = current density js× area AJ : Is = I0 sin δ)

Supercurrent across barrier = ”Josephson current”

Corresponds in a SIS tunnel junction to the tunneling of Cooper pairs through
an insulating barrier. This case has been considered by Brian D. Josephson for his
derivation of the Josephson equations.14

From the consideration of the change of δ in time, Josephson obtained the connection
of ∂δ

∂t
≡ δ̇ with the voltage drop U across the barrier (with the magnetic flux quantum

Φ0 ≡ h/2e)

U =
ℏ
2e
δ̇ =

Φ0

2π
δ̇ 2. Josephson equation (3.24)

14A derivation suggested by Feynman, based on the time-dependent Schrödinger equations for two
weakly coupled quantum mechanical systems, can be found in W. Buckel, R. Kleiner, Supraleitung,
Wiley-VCH Weinheim, 6. Aufl. (2004); Kap.1.5.1.
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Consequences from the Josephson equations

1. assume U = 0 ⇒ δ = const. = δ0 ⇒ js = j0 sin δ0
maximum value: sin δ0 = 1 ⇒ js,max = j0
→ supercurrent; critical current density j0 ≪ jc,pair breaking.
→ ”weak superconductivity”

cu
rre

nt
 I

(m
A)

voltage V (mV)

I0

V

quasiparticle
tunneling

Cooper
pair
tunneling

Example:
Nb/Al-AlOx/Nb tunnel junctions
depending on barrier thickness
j0 ∼ (10A . . . 10 kA)/cm2

= (1µA . . . 1mA)/(10µm2)
(at T = 4.2K)

Fig. 3.8: Current-voltage char-
acteristics of a Josephson tunnel
junction from identical supercon-
ductors [adapted from W. Buckel,
Supraleitung, VCH Weinheim,
5. Aufl. (1994); Abb.37].

2. assume U = const. ̸= 0 → integration of the 2. Josephson Eq. (3.24):

⇒ δ(t) = δ0 +
2π

Φ0

U · t (3.25)

i.e. δ grows linearly in time t; inserted into the 1. Josephson Eq. (3.23):

js = j0 sin[δ0 + ωJt] with ωJ =
2π

Φ0

U (3.26)

⇒ Cooper pair alternating current with the Josephson frequency

fJ ≡
ωJ

2π
=

U

Φ0

=
2e

h
· U ≈ 483.6

GHz

mV
· U (3.27)

→ voltage-controllable high-frequency source

→ proportionality constant Φ0 ≡ h/2e → fundamental physical constant

→ effect is used for the definition of the Volt

Compare to: Quantum-Hall effect: RH = 1
n

h

e2︸︷︷︸
≈25.8 kΩ

(defines Ω)

Interpretation of the Josephson (alternating) currents as quantum interference:

U ̸= 0→ phases of the macroscopic wave functions Ψi = Ψ0,ie
iφi

in both superconductors (i = 1, 2) ”run against each other”.

Josephson alternating current ⇔ interference of these waves in time
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Types of Josephson junctions (JJs)

(a) (b)

(c) (d)

(e) (f)

S
S

insulator (I), normal conductor (N), ferromagnet (F)

planar sandwich-type JJ

barrier

(SIS, SNS, SFS, SINIS, SIFS, …)

S

S

point contact

irradiation-induced barrier JJ
(e.g. ion beam)

constriction junction
(Dayem bridge)

YBa2Cu3O7
film

bicrystal  substrate

grain
boundary

grain boundary junction (cuprates)
(bicrystal, biepitaxial, …)

intrinsic Josephson junctions
(strongly anisotropic
cuprates)

Bi2Sr2CaCu2O8

Fig. 3.9: Josephson junction types: (a) planar sandwich-type JJ. The barrier can be an
insulator (I; often 1–2 nm thick oxide layer as tunnel barrier), normal metal (N) or ferro-
magnet (F) or combination of those (e.g. SINIS or SIFS). (b) point contact: Tip is pressed
onto surface; pressure determines junction area and hence junction properties. (c) thin-
film micro/nano bridge, with Josephson barrier inuced by damaging (e.g. ion irradiation)
locally the superconductor. (d) Dayem bridge: Very small cross section (< 100 nm) limits
exchange of Cooper pairs. (e) grain boundary (GB) junction: In cuprate superconduc-
tors (e.g. YBa2Cu3O7 (YBCO)), GBs with misorienation angle Θ ≳ 15◦ act as weak links
(forming insulating tunnel barriers). In bicrystal GB junctions (drawn here), the GB in
the substrate is transfered by epitaxial growth into the superconducting film. (f) Intrinsic
Josephson junctions [drawing provided by Reinhold Kleiner]: In strongly anisotropic cuprate
superconductors (e.g. Bi2Sr2CaCu2O8 (BSCCO-2212)), already the crystal structure leads
to Josephson behavior. Superconductivity is localized within only ∼ 0.3 nm thick layers of
copper oxide, which are separated by layers of Bi- and Sr-oxide to single crystals form natural
stacks of SISIS. . . layers. A 1-µm-thick single crystal contains approximately 670 intrinsic
Josephson junctions (along the c axis).

most frequently used:
- conventional superconductors: Nb/Al-AlOx/Nb (for T < 9K)
- high-Tc-superconductors: intrinsic Josephson junctions15, grain boundary junctions
or more recently He focused ion beam (FIB)-induced junctions16

15R. Kleiner, P. Müller, Phys. Rev. B 49, 1327 (1994)
16B. Müller et al., Phys. Rev. Appl. 11, 044082 (2019)

https://doi.org/10.1103/PhysRevB.49.1327
http://dx.doi.org/10.1103/PhysRevApplied.11.044082


3.2 Josephson effects & SQUIDs 111

Current-voltage characteristics of Josephson junctions

Now, we ask for the relation between the current I through the Josephson junction
and the voltage U across the junction. For many types of junctions, the resistively
and capacitively shunted junction model = RCSJ model 17 gives a very good descrip-
tion. Here, we consider four terms which contribute to the current through the
junction:

U 

Is Iqp Id IN 

Fig. 3.10: Equivalent circuit of a Joseph-
son junction in the RCSJ model.

• Josephson current: Is = I0 sin δ

• displacement current through the capacitance C of the junction, which
flows if there is a time-dependent voltage U : Id = CU̇

• dissipative current contribution from the quasiparticles, or current, which
flows through a frequently used parallel resistance R: Iqp = U/R

• noise current IN(t), due to thermal noise 18 in the resistance R at finite tem-
perature T

According to Kirchhoff’s laws this yields for the total current I through the junction:

I + IN(t) = I0 sin δ +
U

R
+ CU̇ (3.28)

Using the 2. Josephson equation U = (Φ0/2π) · δ̇, we then obtain a differential
equation for the phase difference across the Josephson junction

I + IN(t) = I0 sin δ +
Φ0

2πR
δ̇ +

Φ0C

2π
δ̈ (3.29)

In the case of a finite voltage U ̸= 0, alternating Josephson currents are flowing
⇒ also the dissipative current Iqp(t) oscillates
⇒ high-frequency voltage U(t) with dc voltage contribution

V ≡ ⟨U⟩ = 1

T

∫ T

0

dt U(t) (3.30)

The solution of the differential equation (3.29) for a given total current I yields δ(t) ⇒
U(t) ⇒ V and, hence, also the experimentally easily accessible (dc) current voltage
characteristics I(V ).

17W. C. Stewart, Current-voltage characteristics of Josephson junctions, Appl. Phys. Lett. 12, 277
(1968); D. E. McCumber, Effect of ac impedance on dc voltage-current characteristics of Josephson
junctions, J. Appl. Phys. 39, 3113 (1968).

18This is also called Nyquist- or Johnson noise; the noise power of IN scales as kBT/R.

 https://doi.org/10.1063/1.1651991 
 https://doi.org/10.1063/1.1651991 
https://doi.org/10.1063/1.1656743
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Analogous system: point-like particle in the tilted washboard potential

In a very illustrative analogy to a mechanical system, the equation (3.29) for the phase
difference δ describes the motion of a particle in a 1-dimensional potential along the
coordinate δ.

In order to show this, we rearrange equation (3.29)

Φ0

2π
Cδ̈ +

Φ0

2π

1

R
δ̇ = −I0 sin δ + (I + IN) ≡ −2π

Φ0

∂UJ

∂δ
, (3.31)

Here, we defined the so-called tilted washboard potential as

UJ ≡
Φ0

2π
{I0(1− cos δ)− (I + IN)δ} . (3.32)

The amplitude of the potential is given by the Josephson coupling energy

EJ ≡
I0Φ0

2π
. (3.33)

With normalization of UJ to EJ, the equation above yields

uJ ≡
UJ

EJ

= 1− cos δ − (i+ iN)δ with i ≡ I/I0 , iN ≡ IN/I0 . (3.34)

Hence, the equation of motion (3.31) for δ is equivalent to the equation of motion

mẍ+ ξẋ = −∂W (x)

∂x
+ Fd + FN = −∂[W (x)− (Fd + FN) · x]

∂x
(3.35)

of a point-like particle with mass m and friction coefficient ξ, which moves in space
along the coordinate x in a potential W (x) under the action of an external driving
force Fd and a thermal noise force FN.

On can the combine the driving forces F = Fd +FN with the potential W , and arrives
then at the potential

Um(F, x) ≡ W (x)− F · x , (3.36)

which is ’tilted’ due to the forces.

velocity 
force 

friction 
mass 

voltage 
current 

conductance 
capacitance 

Comparison
of (3.31) with
(3.35) yields
analogous
quantities.
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Static case: V = 0
In the current-free state I = 0 (without external force) our ’particle’ is trapped in
one of the minima of the untilted cos-potential. There, it oscillates with the plasma

frequency 19 ωp =
(

2π
Φ0

I0
C

)1/2

, and the average voltage (velocity) is zero.

Dynamic case: V ̸= 0
With increasing bias current I, the height of the barrier to the next local minimum
decreases. Finally, at I = I0 the local minima disappear, and the ’particle’ moves with
finite average velocity (Fig. 3.11).

0 1 2 3

2E
J

i=0.5

i=1

i=0

UJ

 δ/2π

 

Fig. 3.11: Washboard potential of a Josephson
junction in the RCSJ model, with amplitude EJ

(coupling energy). The normalized bias current
i = I/I0 tilts the potential. At i = 1, the local
minima disappear.

Effect of damping:
In the case of strong damping, the mass of the particle is negligible, i.e. the friction
term ∝ δ̇ dominates. Upon decreasing back the current, at I = I0 local minima appear
again in the washboard potential, and the particle is immediately trapped there
→ non-hysteretic IV -characteristics (IVC)

In the case of weak damping, the mass of the particle plays a key role. Upon de-
creasing back the current, even in the case I < I0 (local minima/maxima have formed)
the particle can still continue to move due to inertia. In this case, the Josephson junc-
tion remains in the state V ̸= 0, down to a value (“retrapping current”) Ir < I0
→ hysteretic IVC; is described by the Stewart-McCumber-Parameter βC in the
normalized equation of motion (currents i ≡ I/I0, iN ≡ IN/I0; time t̃ ≡ tωc, with
ωc ≡ 2π

Φ0
I0R)

βC δ̈ + δ̇ + sin δ = i+ iN with βC ≡
(
ωc

ωp

)2

=
2π

Φ0

I0R
2C (3.37)

-4 -3 -2 -1 0 1 2 3 4
-4

-3

-2

-1

0

1

2

3

4

  βC = 0.2
  βC = 2.0 

 

 I/I
0

V/I0R

- overdamped βC<∼1 → non-hysteretic IVC
- underdamped βC>∼1 → hysteretic IVC

Fig. 3.12: Current-voltage characteristics in the
RCSJ model, calculated for different damping
(different values for βC).

19Derivation by solving (3.29) for the case I = 0, IN = 0 (T = 0), 1/R = 0.
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Dynamics under the influence of an alternating current

Consider the case of a driving current Itot = I + Iac sinωact with dc component I and
ac current with amplitude Iac and frequency fac = ωac/2π.

experimental observation:
Appearance of regimes of constant voltage in the IVC = Shapiro steps
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Fig. 3.13: (a) Illustration of the generation of Shapiro steps within the washboard potential
of a Josephson junction in the RCSJ model. The potential – tilted by the normalized dc
current i – is in addition periodically tilted, due to microwave irradiation with frequency ωac.
(b) From the RCSJ model calculated current-voltage characteristics of a Josephson junction
under microwave irradiation. The dotted line shows the IV characteristics without microwave
irradiation.

Illustrative interpretation:
The ac current generates a periodic modulation of the tilt of the potential about a
mean tilt angle (given by the dc current).

Under appropriate conditions, the motion of the ’particle’ is synchronized with the
external excitation:
⇒ change of δ by n · 2π per excitation period Tac = 2π/ωac.
⇒ velocity δ̇ = n · 2π/Tac = n · ωac

This synchronization is stable within certain regions of the tilt angle (current intervals).
There, the average velocity (dc voltage) is only given by the frequency of the ac drive
– independent of the exact value of the average tilt angle (dc current). This leads to
the appearance of current steps of constant voltage:

Vn =
Φ0

2π
δ̇ = n

Φ0

2π
ωac = n · V1 with V1 ≡ Φ0 · fac ≈

1mV

483.6GHz
· fac (3.38)

→ Application: voltage normal !
Definition of the SI unit Volt via the Josephson effect
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irradiation of microwaves on Josephson junctions
(typically: fac = 70 GHz → n · 0.144 mV)

reproducible voltages with relative uncertainty
< 1 : 1010, corresponds to 1 nV at 10 V)

Josephson normal: voltage standard

Fig. 3.14: On the Josephson voltage normal.
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Josephson junction in a magnetic field

Consider a Josephson junction in an external magnetic field H in the plane of the
barrier ((x, y)-plane) and current I perpendicular to it (along êz).

B

x

yz

t

I

b

1 2

2'1 '

dx


L


L

b 
a 

H 

d 
Fig. 3.15: Geometry of a Josephson
junction in an external magnetic field
H; d: barrier thickness; a: length of
the junction along x-direction (⊥ H).
The light-grey area is penetrated by the
magnetic field. The dashed line indi-
cates the integration path for the deriva-
tion of Eq. (3.40).

The magnetic field shall penetrate the barrier homogeneously (along x-direction). This
is the case when the junction length a is sufficiently small, so the the self-field of the
currents is negligible (= limit of short junction20).

The thickness of the superconducting electrodes shall be ≳ 2λL (λL: London penetra-
tion depth)
→ the magnetic field penetrates ∼ λL in the electrodes (along z-direction).
→ magnetic flux through the junction, with B = µ0H:

ΦJ = B · (2λL + d) · a = B · deff · a , (3.39)

with the effective magnetic thickness of the junction deff ≡ 2λL + d

Relation between phase difference δ and magnetic induction (flux density) B

Analogous to the derivation of flux quantization in a superconductor:
Integration of the phase gradient ∇⃗φ along the dashed line in Fig. 3.15 yields

∂δ

∂x
=

2π

Φ0

B deff (3.40)

This means, that the phase difference along the junction grows linearly (slope deter-
mined by B). Integration along x

⇒ δ(x) = δ(0) +
2π

Φ0

B deff · x (3.41)

and inserted into the 1. Josephson equation (for the current density, i.e., current per
junction area AJ = ab, with size b of the junction in y-direction) yields

js(x) = j0︸︷︷︸
=I0/AJ

sin

[
δ(0) +

2π

Φ0

B deff · x
]

(3.42)

⇒ Josephson current density js(x) oscillates along the junction. The wavelength of the
oscillation depends on the magnetic flux ΦJ = B deff a in the junction.

20If a <∼ 4λJ with the Josephson penetration depth λJ ≡ [Φ0/(2πµ0deffj0)]
1/2
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js 

x 

B 

a 

FJ = 0 FJ =   F0 

FJ = F0 FJ =    F0 
3 
2 

1 
2 

Fig. 3.16: Current den-
sity distribution in a
short Josephson junc-
tion in a magnetic field.
The starting value of the
phase difference δ(x =
0) ≡ δ0 is always chosen
such that the Josephson
current becomes maxi-
mum.

Total supercurrent through the junction→ integrate js(x) over the junction area:

Is =

∫ b

0

dy

∫ a

0

dxj0 sin δ(x) = −j0 · b ·
cos

(
δ0 +

2π
Φ0
Bdeffx

)
(

2π
Φ0
Bdeff

)
∣∣∣∣∣∣
a

0

= j0 · b · a︸ ︷︷ ︸
I0

·
sin πΦJ

Φ0

πΦJ

Φ0

· sin(δ0 + π
ΦJ

Φ0

) with ΦJ = Bdeffa (3.43)

For given Is ⇒ δ0 adjusts accordingly

Maximum super current Ic → sin(δ0 + πΦJ

Φ0
)± 1 ⇒

Ic(ΦJ) = I0 ·

∣∣∣∣∣sin π
ΦJ

Φ0

πΦJ

Φ0

∣∣∣∣∣ (3.44)
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Fig. 3.17: Dependence of
the maximum Josephson
current on the magnetic
field or the normalized mag-
netic flux in the plane of
a Nb/AlOx/Nb tunnel junc-
tion.

⇒ Fraunhofer pattern (analogous to diffraction at a single slit in optics).
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3.2.2 SQUIDs: Superconducting quantum interference de-
vices

A. Basic principle

Consists of a superconducting loop (mostly thin film) with inductance L, which is
intersected by one (rf SQUID) or two (dc SQUID) Josephson junctions:21

Fa Fa 

(a)     rf SQUID (b)     dc SQUID Fig. 3.18: SQUID types:
(a) rf SQUID is coupled to a reso-
nant circuit, which is excited with
rf current Irf ; output signal: rf
voltage Vrf .
(b) dc SQUID is biased at dc cur-
rent Idc; output signal: dc voltage
Vdc.

The SQUID combines two basic effects, which rely on the macroscopic phase coherence
in a superconductor – the fluxoid quantization and the Josephson effect

Result:

periodic response to external magnetic flux Φa

- in the maximum Josephson current Ic
or

- in the time-averaged voltage Vdc across the Josephson junctions (in the dc SQUID)
or

- in the amplitude Vrf of the rf voltage of the resonant circuit (in the rf-SQUID)

with period = 1Φ0

⇒ most sensitive detector for magnetic flux !!

Typical values for sensitivity (commercial Nb SQUIDs at T = 4.2K):22

flux noise: S
1/2
Φ ≈ 1− 10µΦ0/

√
Hz

magnetic field noise: S
1/2
B ≈ 1− 10 fT/

√
Hz

energy resolution: ϵ ≡ SΦ/2L ≈ 10−31 − 10−32 J/Hz ≈ 1000− 100 ℏ

Example:

10−32 J ≈ me · g · 1mm

Difference in potential energy of an electron, which is lifted in the gravitational field
of the earth by 1mm.

21rf = radio frequency; dc = direct current
22Here, SΦ(f) and SB(f) are the spectral density of flux noise and field noise power, respectively, of

a SQUID. Those quantities generally depend on the measurement frequency f , i.e. root mean square

(rms) noise S
1/2
Φ and S

1/2
B describe the average noise amplitude for magnetic flux and field noise,

respectively, per square root of the frequency interval.



3.2 Josephson effects & SQUIDs 119

B. Basics of the dc SQUID

We consider dc SQUIDs (first realization by Jaklevic et al. in the year 1964)23; in
today’s applications, those are much more frequently used than rf SQUIDs.

(a) Total flux in the dc SQUID & circulating current

We start with introducing an important relation, which connects the phase differences
δk across the two Josephson junctions JJk (k = 1, 2) with the magnetic flux through
the ring. From the fluxoid quantization (as a consequence of the uniqueness of the
superconducting wave function), it follows

2πn =

∮
∇⃗φ dℓ⃗ , with n = 0,±1,±2, . . . . (3.45)

The analysis of the ring integral, along a path inside the superconducting loop (with

Eq. (3.18) for ∇⃗φ) and across the two Josephson junctions (with Eq. (3.22) for δ),
results in24

δ2 − δ1 + 2πn =
2π

Φ0

(Φa + LJ)︸ ︷︷ ︸
≡ΦT

. (3.46)

Here, the total flux ΦT in the SQUID is composed of the externally applied flux Φa and
the flux which is generated due to an induced circulating current J (through the loop
inductance L).

Definition of J :

The dc SQUID is biased at current I; this splits into the currents Ik through the two
SQUID arms (see Fig. 3.19), i.e. I = I1 + I2. Those can be written as

I1 =
I

2
+ J and I2 =

I

2
− J . (3.47)

Hence, the current circulating in the SQUID loop is defined as

J =
I1 − I2

2
. (3.48)

B

Fig. 3.19: Schematic representation of a dc
SQUID, with the Josephson relations for the two
junctions in the SQUID loop.

23R. C. Jaklevic, J. Lambe, A. H. Silver, J. E. Mercereau, Phys. Rev. Lett. 12, 159 (1964).
24For a derivation see e.g. Appendix A1 in The SQUID Handbook, vol.I, J. Clarke, A. I. Braginski

(eds.), Wiley-VCH (2004).

https://doi.org/10.1103/PhysRevLett.12.159
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(b) dc SQUID – static case

In order to understand the working principle of a dc SQUID – i.e. the periodic modu-
lation with the external magnetic flux Φa – we consider first the static case (V = 0),
i.e. we ask for the maximum super current (critical current) Ic of the SQUID and for
its dependence Ic(Φa).

The currents I1 and I2 are flowing through the left (1) and right (2) SQUID arm,
respectively, i.e. each across the corresponding junction J1 or J2 (Fig. 3.19). According
to the 1. Josephson relation it follows

I1 = I0 sin δ1 and I2 = I0 sin δ2 , (3.49)

under the assumption of symmetric junctions, i.e. identical maximum Josephson cur-
rents I0.

With Kirchhoff’s law for the currents it follows25

I = I0(sin δ1 + sin δ2) = 2I0 cos

(
δ2 − δ1

2

)
· sin

(
δ1 + δ2

2

)
. (3.50)

By inserting the relation for ΦT from (3.46) into (3.50),26 we obtain

I = 2I0 cos

(
πΦT

Φ0

− πn

)
· sin

(
δ1 +

πΦT

Φ0

− πn

)
(3.51)

= 2I0 cos

(
πΦT

Φ0

)
· sin

(
δ1 +

πΦT

Φ0

)
. (3.52)

The supercurrent, as given by Eq. (3.52), can now be maximized by variation of the
phase difference δ1 – for a given external magnetic flux Φa and by taking into account
the relation ΦT = Φa + LJ .

In general, the total flux ΦT depends on the external flux Φa and on the circulating
current J ; the latter again modulates the phase differences across the junctions. Hence,
the solution of this problem is not trivial and is done numerically.

Only for the two extreme cases of very large or very small inductance one can derive
simple analytical results. To define those cases we introduce an important quantity,
the so-called screening parameter

βL ≡ 2I0L

Φ0

; (3.53)

This describes the strength of the maximum possible flux ΦJ,max = JmaxL = I0L
– generated by J – normalized to half a flux quantum Φ0/2.

25with sinα+ sinβ = 2 cos(β−α
2 ) · sin(α+β

2 )
26With cos(x− πn) · sin(y − πn) = (−1)n · cos(x) · (−1)n · sin(y) = cos(x) · sin(y)
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(I) small SQUID inductance – βL ≪ 1:

i.e., the flux which can be generated by the maximum possible loop current is negligibly
small.

⇒ ΦT ≈ Φa

Hence, the screening ability of the SQUID loop is negligible (see Fig. 3.20(a)).

Inserting into (3.52) yields

I ≈ 2I0 cos

(
πΦa

Φ0

)
· sin

(
δ1 +

πΦa

Φ0

)
. (3.54)

I becomes maximum when sin(δ1 +
πΦa

Φ0
) = ±1

⇒ critical current of the dc SQUID:

Ic ≈ 2I0 ·
∣∣∣∣cos(πΦa

Φ0

)∣∣∣∣ . (3.55)

This relation is analogous to the optical diffraction pattern at the double slit.

This means, the critical current Ic(Φa) modulates from its maximum possible value 2I0
down to zero with a period Φ0 (see Fig. 3.20(b)).

⇒ in the limit βL ≪ 1, the modulation amplitude is maximum and is ∆Ic = 2I0.

Fig. 3.20: dc SQUID in the limit βL ≪ 1: (a) Total flux ΦT vs. external flux Φa; (b) critical
current vs. Φa.
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Appendix:(II) large SQUID inductance – βL ≫ 1:
In contrast to a closed superconducting loop, the dc SQUID can in the cooled state
change its flux state n [see fluxoid quantization (3.45) or (3.46)] upon increasing the
external magnetic field. This allows for the minimization of the magnetic energy
LJ2/2, which is stored in the loop, by adjusting the flux state n always in such a way
that |J | is minimized.
⇒ the flux, which is generated by the circulating current, is at maximum Φ0/2

(|L|J ≤ Φ0/2).
Hence, in the limit βL ≫ 1 it follows L|J | ≤ Φ0/2 ≪ LI0 ⇒ |J | ≪ I0.
Therefore, the circulating current - independent of the external flux - practically does
not affect the phase differences of the junctions, i.e. δ2 − δ1 ≈ 0.
Hence, Eq. (3.46) simplifies to

ΦT = Φa + LJ ≈ nΦ0 ; (3.56)

and hence

J ≈ −Φa − nΦ0

L
. (3.57)

One sees immediately that, for large L, the circulating current J → 0
⇒ maximum current ist almost independent of the external flux I1 ≈ I2 = I0,
i.e. the critical current is Ic ≈ 2I0 for all Φa.
Hence, in contrast to the limit βL ≪ 1, the modulation of Ic(Φa) is very small.

Fig. Z.2: dc SQUID in the limit βL ≫ 1:
(a) Total flux ΦT vs. external flux Φa;
(b) critical current vs. Φa and maximum currents of I1 and I2.

The separate consideration of the effect of J [after Eq. (3.57)] on Ic in intervals
nΦa ≤ 0 ≤ (n + 1

2
)Φa, and (n + 1

2
)Φa ≤ 0 ≤ (n + 1)Φa shows, that always one of

the two junctions carries the maximum current I0, and the maximum current of the
other junction decreases linearly with increasing flux, until at Φa = (n+ 1

2
)Φ0 the flux

state and the sign of J change and, hence, the currents through the two junctions are
interchanged (see Fig. Z.2).

A relatively simple derivation yields for the maximum change of the critical current

∆Ic = Ic(Φa = nΦ0)− Ic(Φa = [n+
1

2
]Φ0) ≈

Φ0

L
=

2

βL
I0 ≪ I0 (3.58)
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(c) dc SQUID – dynamic case

In principle, the modulation Ic(Φa) can be used to measure smallest changes of the
external magnetic flux.

For practical reasons, however, it is much more simple to operate the dc SQUID in the
dynamic state, i.e., at V ̸= 0 – with a constant bias current IB >∼ 2I0 – and to use the
dependence V (Φa).

In the voltage state, obviously the resistances Rk and capacitances Ck of the two
Josephson junctions (k = 1, 2) also do play a role. For the description of this situation,
one uses the RCSJ model for the junctions.

The current voltage characteristics (I − V curve) then modulates as a function of the
external flux Φa between the curves shown in Fig. 3.21(b)
– with Ic,max = 2I0 at Φa = nΦ0 and Ic,min at Φa = (n+ 1

2
)Φ0.

At constant bias current IB, the voltage V oscillates upon continuously changing the
external flux Φa, along the dashed line shown in Fig. 3.21(b). This results in the V (Φa)
characteristics as shown in Fig. 3.21(c).27

Fig. 3.21: dc SQUID: (a) schematic representation with RCSJ-junctions; (b) current-voltage
characteristics; (c) voltage-flux characteristics

Hence, the voltage across the dc SQUID oscillates with the external flux with a period
of Φ0 – the dc SQUID is operated as a flux-to-voltage converter.

As a figure of merit we introduce the so-called flux-zu-voltage transfer function (short:
transfer function). This is the slope ∂V/∂Φa of the V (Φa) curve. Certainly, the slope
depends both, on the chosen bias current, and on the working point on the Φa axis.
Usually, one denotes the transfer function as the slope that is maximized with respect
to IB and Φa

28, i.e.

VΦ ≡
(
∂V

∂Φa

)
max

. (3.59)

27In order to obtain a unique value for the voltage V (Φa), one uses non-hysteretic junctions, i.e. with
a McCumber parameter βc ≡ 2π

Φ0
I0R

2C<∼1.
28Typically at IB ≈ 2I0 and Φa ≈ (n± 1

4 )Φ0.
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A small flux change δΦ detected by the SQUID produces a measurable voltage change

δV = VΦ · δΦ . (3.60)

Hence, it is clear that for the optimization of the sensitivity of a SQUID, it is essential to
maximize the transfer function – the latter depends in particular on the most important
SQUID parameters L, I0 and R.

A rough estimate yields for the optimum case (βL ≈ 1)

VΦ ≈ ∆V
1
2
Φ0

≈ I0R
1
2
Φ0

≈ R

L
. (3.61)

⇒ large R and small L, or large I0R required !

Fig. 3.22: Typical experimental result for a YBCO dc SQUID: (a) I − V curve; (b) V (Φ)
characteristics at different bias currents.

The intrinsic sensitivity of dc SQUIDs is determined by the thermal noise of the junc-
tion resistances at the operation temperature T . From the spectral density of volt-
age noise SV of the fluctuating voltage across the SQUID, the flux noise follows as
SΦ = SV /V

2
Φ .

The theoretical optimization of the thermal flux noise, or the energy resolution ϵ re-
quires the (numerical) solution of the coupled equations of motion for the phase differ-
ences δk of the Josephson junctions. Such an analysis shows that βL ≈ 1 is optimum.
For this case, one finds (in the limit of small thermal fluctuations)

SΦ ≈ 16kBT
L2

R
≈ 8Φ0 kBT

L

I0R
and ϵ ≈ 9kBTL/R ≈ 9

2

kBT

I0R
. (3.62)
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C. Practical SQUIDs

(a) Fabrication and materials

Since the 1980s, dc SQUIDs are almost exclusively fabricated as thin film structures.
For applications with He cooling at 4.2K, the multilayer Nb technology with Nb/Al-
AlOx/Nb tunnel junctions (with resistive ”Shunt“ resistors, e.g. from PdAu) has been
established.

Niobium technology 

transition temperature Nb: Tc=9.2 K  
for operation at 4.2 K (liquid Helium) 
standard: Nb-AlOx-Nb trilayer 

current 

Supraleiter: Nb 
Supraleiter: Nb 

insulator: 
AlOx 

10 µm 

Nb 

Nb 

~100 nm 

top view 

lateral structures in µm-regime 
 lithography & milling techniques 

generally: thin film technology 

Nb 
junction 

~1 nm 

Fig. 3.23: Fabrication & materials: Nb junctions.

Cuprate-high-Tc superconductors are often developed for applications at 77K with N2

cooling. SQUIDs based on epitaxially grown YBCO grain boundary junctions (mostly
on bicrystal substrates) yield the best results so far.

YBa2Cu3O7 (YBCO) technology 
transition temperature YBCO: Tc=92 K 
for operation at 77 K (liquid nitrogen) 
standard: YBCO grain boundaries 

YBCO- 
Film 

bicrystal  substrat 

grain 
boundary 

2 nm 

H. Hilgenkamp and J. Mannhart, „Grain 
boundaries in high-Tc Superconductors“,  
Rev. Mod. Phys. 74, 485 (2002) 

YBCO 

Fig. 3.24: Fabrication & materials: YBCO junctions.
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Intensive research is devoted to the development of strongly miniaturized SQUIDs
(nanoSQUIDs) for scanning SQUID microscopy and for the investigation of smallest
spin systems. Figure 3.25 shows two examples.

Beispiele: SQUID-Strukturen 

1 µm 

YBCO SQUID 

5 µm 

Ib 

Nb SQUID 

(a) (b) 

Fig. 3.25: Examples of dc SQUID structures: (a) YBCO SQUID with grain boundary junc-
tions; the dashed line shows the position of the grain boundary in the SrTiO3 substrate;
patterning by Ga focused ion beam (FIB) milling. (b) Nb SQUID from Nb/HfTi/Nb junc-
tions; patterning by electron beam lithography.

(b) SQUIDs for measurements of magnetic fields and field gradients

Generally, a SQUID-based measurement system consists of three parts (see Fig. 3.26):
With the help of an appropriate ”input circuit”, a physical quantity δx, which shall be
measured, is converted into magnetic flux δΦa, detected by the SQUID and converted
by an appropriate readout electronics, usually into a output voltage signal δV .

quantity 
δx δV δΦa 

output 
signal 

SQUID 

Input 
(input 
circuit) 

Output 
(readout 

electronics) 

Fig. 3.26: Basic setup of a SQUID-based measurement system.

A SQUID measures with very high sensitivity the magnetic flux Φa through the SQUID
loop. For applications, however, one is most often interested in the measurement
of changes of the magnetic induction (flux density) δB. For the flux signal, which
is detected by a SQUID magnetometer one has δΦa = δB · Aeff , with the effective
magnetometer area Aeff . The larger the effective area, the smaller can be a change
in B, which still can be detected by the SQUID (for a given sensitivity for magnetic
flux). Accordingly, the sensitivity of a magnetometer is determined by the magnetic

field noise S
1/2
B = S

1/2
Φ /Aeff . Hence, the optimization of this quantity requires at the

same time a small as possible SQUID inductance L (and hence a small SΦ) and a large
effective sensor area Aeff . This is achieved by an appropriate choice of the SQUID
layout and input structures.
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A typical SQUID structure, which is used for this purpose, is the so-called ”washer“-
SQUID.

D 

d 

grain boundary 
(GB) 

(a) (b) 
Fig. 3.27: ”Washer” for flux fo-
cusing: (a) basic structure; (b)
washer dc SQUID – here a ver-
sion of a HTS SQUID is shown,
with two Josephson junctions
at the grain boundary (dashed
line).

For the simple square-shaped washer structure one has:

L = 1.25µ0d and Aeff = d ·D

Typical washer size: d = 25µm, D = 0.5mm → Aeff ≈ 10−8m2

Typical flux noise: S
1/2
Φ ≈ 5µΦ0/

√
Hz

⇒ magnetic field noise S
1/2
B ≈ 1 pT/

√
Hz

→ not interesting because of competing techniques, e.g. fluxgate magnetometer
(‘Förster-Sonde’)

For the sensitive detection of magnetic fields, one uses a superconducting flux trans-
former. This consists of a pickup loop (size depends on application; typically cm
diameter), which is connected in series to an input coil (typically n = 50− 100 turns).
A change of field δB induces a screening current Is in the pickup loop, which also
flows through the input coil and hence couples inductively the flux Φa into the washer
SQUID.

closed superconducting structure 
Φa 

X X 

δΒ 

pickup 
loop 

input 
coil SQUID 

Is 

Is 

δB induces screening current Is  couples δΦa into SQUID 

Fig. 3.28: Superconducting flux
transformer with inductive cou-
pling of the input coil to a
SQUID.

For the effective area of the optimized configuration, one obtains

Aeff ≈ n

2
α
L

Lp

Ap , (3.63)

with number of turns n of the input coil, coupling factor α ≤ 1, and Ap, Lp are the area
and inductance of the pickup loop, respectively. With typical values n = 50, α = 0.7,
L = 100 pH, Lp = 10 nH, Ap = 1 cm2 follows Aeff ≈ 10−5m2

→ factor ∼1000 as compared to washer SQUID.
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In order to obtain an as large as possible coupling factor α, the input coil is directly
deposited by thin film technology on top of the thin film washer SQUID (separated by
an insulating interlayer) → ”Ketchen magnetometer“.

(a) (b) 

input coil 
(n turns) 

pickup loop 

SQUID 

Fig. 3.29: Inductively
coupeled magnetome-
ter (Ketchen magne-
tometer): (a) complete
structure consisting of
flux transformer and
washer SQUID; (b) in-
put coil of the flux
transformer above the
washer SQUID.

With such an arrangement, produced in Nb technology, routinely SQUID magnetome-
ters with a sensitivity of S

1/2
B ≈ 1 fT/

√
Hz at T = 4.2K are realized. For comparison:

1fT is by a factor of 6 × 1010 smaller than the earth’s magnetic field. An alternative
concept relies on the parallel arrangement ofm loops in a SQUID (”multiloop SQUID“,
”cart wheel SQUID“). Also this arrangement allows for the realization of magnetome-
ters with a field sensitivity comparable to that of the Ketchen magnetometer.

       SB
1/2 ~ 1 fT / Hz1/2 at T = 4.2 K 

for frequencies > 1 Hz 

1 fT x 60 billions = earth magnetic field 

paper thickness 0.1 mm    x 60 bill. = earth radius 

comparison in size: 

2 mm 

PTB Berlin 

Fig. 3.30: SQUID magnetometer in Ketchen design (upper left) or as multiloop SQUID (lower
left) reach extremely high field sensitivity at 4.2T.
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A gradiometric arrangement of the pick-up loops enables the measurement of magnetic
field gradients.
→ detector is insensitive to spatially homogeneous disturbing fields!

In Nb technology, wire-wound pickup loops can be used, which have a superconducting
connection to the Nb chips with input coil and SQUID washer.

magnetometer:  
X X 

Bz 

measures field Bz 

      insensitive against 
homogeneous 

disturbing fields !! 

measures gradient  dB/dz 
 local signals at one loop 

1. order gradiometer:  

X X 

dBz/dz 

counter-wound 
pickup-loops: 

Fig. 3.31: SQUID gradiometer: While a magnetometer with a simple pickup loop in the
x, y-plane detects the field component Bz, a serial arrangement of two oppositely wound
pickup loops allows for the detection of the gradient ∂Bz/∂z. The gradiometric arrangement
is insensitive against homogeneous disturbing fields and, hence, only sensitive for local fields
in close vicinity to one of the two pickup loops.
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D. SQUID applications

Overview

Ultra-sensitive measurements of a variety of physical quantities, which can be converted
into magnetic flux.

• Biomagnetism 
→ non-invasive imaging of brain and heart activity, .... 
→ magnetic resonance imaging (MRI) at low magnetic fields 

• Geophysics 
→ search for fossile or geothermal energy resources, ...  

• Non-destructive evaluation of materials 
→ cracks or magnetic inclusions (airplane wheels, -turbines,  
    reinforced steel in bridges), ... 

• Magnetometry, Susceptometry 
→ materials-/geosciences 
→ magnetic nanoparticles/molecules  nanoSQUIDs 

• Metrology 
→ voltmeter,  amperemeter, noise thermometer, ... 

• Gravitational wave & particle detectors 
• SQUID microscopy  

→ I, B, ∇B 

→  B, ∇B 

→ I, B, ∇B 

→ M, χ 

→ M 

→ δ, δT  

→ B,Φ(x,y,z)  

quantities 

→ Vdc, Vrf , I, T  

The area of biomagnetism comprises the detection of magnetic fields (currents, mag-
netic particles, nuclear spins) in living organisms, in particular in humans.

• Magneto-encephalograpy (MEG)  brain currents    
• Magneto-cardiograpy (MCG)  heart currents 
• Magneto-neurograpy (MNG)    action currents in nerves 
• Liver-susceptometry   the only non-invasive method for quantitative 
         determination of Fe-concentration in the liver 
• Magneto-gastrography (MGG) & -enterography (MENG) 
    currents due to spontaneous activity of stomach & intestine muscles (MGG)  
    magnetic marker  mobility/transport in stomach-intestine (MENG) 
• Magnetic relaxation immunoassays (MARIA) 
    magnetic relaxation of marker, coupled to antibodies  
    detection of smallest concentrations of specific stubstances (hormone, virus, …)  
• Low-field magnetic resonance imaging (MRI) 
    simpler MRI systems; cancer diagnosis 
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Biomagnetism belongs to the most important fields of applications for SQUIDs. This
includes in particular the detection of extremely small magnetic fields generated by
brain currents, which cannot be detected by conventional methods.

Problem:
Signals are superimposed on enormously strong disturbing fields (for examples see
Fig. 3.32) – requires magnetic shielding and/or compensation techniques (hardware
and software).

1 | D. Kölle, 15. Januar 2013 © 2013 Universität Tübingen 

10-4 

10-5 

10-6 

10-7 

10-8 

10-9 

10-10 

10-11 

10-12 

10-13 

10-14 

10-15 

biomagnetic 
fields 

environmental 
fields 

B [Tesla] 

µT 

nT 

pT 

fT 

earth magnetic field 

urban fields 

vehicle in 
50 m distance 

screwdriver  
in 5 m distance 

Lung (particles) 

Heart 
Muscles 
Heart (embryo) 
Eye 

Brain (a) 

Brain (evoked) 

adapted from J. Vrba 
CTF Systems Inc. 

Fig. 3.32: magnetic fields
for SQUID applications in
biomagnetism.

Magneto-encephalography (MEG)

MEG poses the highest requirements on the sensitivity of SQUID magnetometers;
typical signal levels to be detected are in the pT to fT range.

A key advantage, as compared to the electric detection of potentials on the head by
electro-encephalography (EEG), lies in the fact that the detected magnetic fields are
not distorted by tissue and the skull.

Detection of brain currents 
comparison: magnetic - electric 

B ~ pT - fT 

Fig. 3.33: Comparison MEG with EEG [from CTF Systems Inc: MEG Introduction: Theo-
retical Background (2001); http://www.ctf.com].
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Further advantages of MEG lie in the possibility, by using multi-channel systems (>100
sensors), to exploit MEG as a contactless, non-invasive imaging method. In comparison
to EEG imaging, this method is significantly faster.

EEG  (Electro~) 

SQUID system: 
>100 channels,  
He cooling (T=4.2K) 

(a) (b) (d) 

(c) 

Fig. 3.34: MEG system: (a) in magnetically shielded room, (b) section shows helmet system
with dewar; (c) cross-section through the helmet-like sensor arrangement; (d) for comparison:
EEG arrangement [from Buckel, Kleiner, Wiley-VCH (2004)].

MEG is used, e.g., for the diagnosis of focal epilepsy (see Fig. 3.35), or for presurgical
mapping of brain tumors.

localized  
neural defect 

magnetic 
field pulses 

MRI image 

SQUID 
signals 

Fig. 3.35: Magneto-encephalography (MEG) for the diagnosis of focal epilepsy [from J. Clarke,
Scientific American 08/1994].
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Magnetic resonance imaging (MRI) in low fields

A more recent development concerns the use of SQUIDs (instead of normal conducting
induction coils) as sensors for magnetic resonance imaging (MRI).

In comparison to conventional MRI in very strong magnetic fields of several Tesla, the
use of SQUIDs allows for the operation in fields which are by approximately four orders
of magnitude lower → µTesla-MRI.

conventional Tesla-MRI:
detection of magnetization M~B0 of proton spins in magnetic field B0
at frequencies f = B0 ∙ 42.6 MHz/T with induction coils
 signal Uind ~ f M ~ B0

2

 enormously high requirements for homogenity of B0

low-field (µTesla)-MRI:
detection at kHz-frequencies with SQUIDs signal δΦ independent of f
 enormous potential for „simple“ MRI systems

B0 = 132 µT M. Mössle, UC Berkeley

M. Mössle, UC Berkeley 

further advantages: 

avoids artefacts from metallic objects 

enhanced image contrast at low 
fields/frequencies 

132 µT  100 mT  
H20-columns 
in Agarose-Gel 

 monitoring of biopsies 

 cancer diagnosis 
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Scanning SQUID microscopy

Scanning SQUID microscopy combines the high flux sensitivity of SQUIDs with a
steadily improving spatial resolution (typical resolution 1µm).

Here, a SQUID, or the pickup loop of a flux transformer that is inductively coupled to a
SQUID, is scanned in as small as possible distance above the sample to be investigated.

sample at  
room temp. 

77 K 

J. Clarke, Scientific 
American 08/1994 

Dollar bill  
magnetic 
ink 

J. Kirtley, Physica 
C 368, 55 (2002) 

sample cooled 

half-integer magnetic vortices 
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in YBCO/Nb 
Josephson junctions 

Hilgenkamp et al., 
Nature 422, 50 (2003) 
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commercial application: detecting shorts 
in semiconductor-circuits (Neocera/Intel) 

With the development of the SQUID-on-tip (SOT), extremely small SQUIDs (down
to 50 nm diameter) became available as sensors for SQUID microscopy in 2013. With
such a SOT, a drastically improved spatial resolution of approximately 100 nm has
been demonstrated, for the imaging of superconducting structures at 4.2K.

Finkler et al.,  
Nano Lett.10 (2010) 

Au 

Pb 

Vasyukov 
et al.,  
Nature 
Nano.8 
(2013) 

SQUID-on-tip (SOT) 
shadow evaporation of superconducting film (Al, Pb, Nb) onto apex of nanotip 
 SQUID loop with constriction junctions (no lithography required!) 

Abrikosov vortices 
in Nb film 
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Micro- and nanoSQUIDs for investigations of magnetic nanoparticles

For the detection of tiny magnetic moments of individual magnetic nanoparticles
(MNPs), strongly miniaturized microSQUIDs have been developed by W. Wernsdorfer
et al.29

For this application of SQUIDs, a MNP has to be placed as close as possible to the
SQUID loop. By applying an external magnetic field H in the loop plane, the magnetic
moment µ can be switched, which induces a change of stray magnetic field from the
MNP coupled to the SQUID (see Fig. 3.36). This way, the magnetizationM vs H loop
of the MNP can be traced out, which allows investigations of magnetization reversal
processes in single MNPs.

H 

JJ 
Fig. 3.36: Principle of detection of the magnetic mo-
ment µ of a MNP placed on top of a SQUID.

The figure of merit, regarding sensitivity of this kind of SQUID application, is the
spin sensitivity S

1/2
µ = S

1/2
Φ /ϕµ. This quantity is determined by the spectral density

of flux noise SΦ of the SQUID and by the coupling factor ϕµ = Φ/µ. The coupling
factor quantifies the change of magnetic flux Φ coupled to the SQUID by the MNP per
magnetic moment µ of the MNP.

With the scaling Sϕ ∝ kBTL/(I0R) from Eq. (3.62), it is clear that the flux noise of
the SQUID can be improved by reducing its inductance L, i.e. by shrinking the size
of the SQUID loop. As a consequence, during the last decade even smaller SQUIDs
– so-called nanoSQUIDs – have been developed, with steadily improving flux noise
and spin sensitivity.30 So far, the lowest value S

1/2
µ ∼ 0.4µB/Hz

1/2 (µB is the Bohr
magneton) at T = 4K has been obtained with a Pb-SOT with ∼ 50 nm loop diameter
(calculated for a MNP placed in the center of the loop).

Measurements of M(H) loops on single MNPs with micro- or nanoSQUIDs enable
investigations on the magnetic anisotropy of such particles (details on the magnetic
anisotropy of MNPs will be treated in chapter 6). Measurements on MNPs with micro-
or nanoSQUIDs based on conventional metallic superconductors (e.g. Nb) are restricted
to temperatures of a few K and below. Moreover, the maximum magetic fields such
SQUIDs can sustain are limited by the upper critical fied Bc2 of those materials to
<∼1T. Therefore, the use of YBCO – with much higher Tc ∼ 90K and Bc2

>∼ 40T is
quite promising for the realization of nanoSQUIDs. YBCO nanoSQUIDs with grain

29W.Wernsdorfer, Classical and quantum magnetization reversal studied in nanometersized particles
and clusters., Adv. Chem. Phys. 118, 99–190 (2001); W. Wernsdorfer, From micro- to nano-SQUIDs:
applications to nanomagnetism, Supercond. Sci. Technol. 22, 064013 (2009).

30C. Granata and A. Vettoliere, Nano superconducting quantum interference device: A powerful
tool for nanoscale investigations, Phys. Rep. 614, 1–69 (2016); M. J. Mart́ınez-Pérez & D. Koelle,
NanoSQUIDs: Basics & recent advances, Phys. Sci. Rev. 2, 20175001 (2017).

https://doi.org/10.1002/9780470141786.ch3
https://doi.org/10.1088/0953-2048/22/6/064013
https://doi.org/10.1016/j.physrep.2015.12.001
https://doi.org/10.1515/psr-2017-5001
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boundary Josephson junctions have been realized by nanopatterning with a Ga focused
ion beam (FIB). Spin sensitivities down to ∼ 4µB/Hz

1/2 at 4.2K31 and operation in
strong fields up to 3T has been demonstrated.32 Such YBCO nanoSQUIDs have been
used to investigate the thermally activated magnetization reversal processes of Co
MNPs which have been grown directly on top of the nanoSQUIDs.33

200 nm 

Co MNP 

-80 0 80

0.
5 
Φ

0

µ0H (mT)

Fig. 3.37:
Left: YBCO
nanoSQUID with
Co MNP; right:
Φ(H) hysteresis
loop of Co MNP.

31T. Schwarz et al., Low-Noise YBa2Cu3O7 NanoSQUIDs for Performing Magnetization-Reversal
Measurements on Magnetic Nanoparticles, Phys. Rev. Appl. 3, 044011 (2015).

32T. Schwarz et al., Low-Noise Nano Superconducting Quantum Interference Device Operating in
Tesla Magnetic Fields, ACS Nano 7, 844–850 (2015).

33M. J. Mart́ınez-Pérez et al., NanoSQUID magnetometry of individual cobalt nanoparticles grown
by focused electron beam induced deposition, Supercond. Sci. Technol. 30, 024003 (2017).

https://doi.org/10.1103/PhysRevApplied.3.044011
https://doi.org/10.1021/nn305431c
https://doi.org/10.1088/0953-2048/30/2/024003
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