Forward Scattering and Compressibility
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Felix Roosen-Runge

Outline
o Scattering at low ¢

o Compressibility y
o Virial Expansion

o Applications
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Scattering and Length Scale

Scattering probes density autocorrelations at A =~ 27”

smaller ¢ < smaller “resolution”
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Scattering and Structure Factor

I
Mz

6(r = 17)
_/:1
I(q) = FT[ ) scattering intensity
N N
= <ZZ q) exp(iq(r; —rk))>
j=1 k=1
' NE2(q)+ NF2(q)S(q) | () : decoupling approx.

foon(@) = (£(a)) . fac(a) = (F(a)) — (fi(a))?
1 /NN
S(q) = N <Z Zexp(iq(rj - rk))> structure factor
j=1 k=1
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Structure Factor S(q) and Pair Correlation Function g(r)

1 N N
S(a) = & <Zzexp(iq(fj - rk))>

j=1 k=1
= 1—|—Ib/drexp(—iqr)<zz5(f+fj—rk))>
J k#

Vp2g(r)

= Lip [drew(-iane) -1+ i)

Fcorr,max

— 1+4p / dr(g(r) —1) {valid, if g < 2 }

q—0 corr,max
0
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Forward Scattering: S(g — 0)

finite and fixed scattering volume V = p = <—’\\/I>

S(g—0) = 1—|—p/dr(g(r)—l)

1
= 1+<N>/dr <ZZ5(f+fj—fk))>—P<N>

J k#

(N?) — (V)
(N)

2\ 2 2
oy (B -2 A

= W) )

= for g — 0, i.e. ¢ < 27/ reorr,max:
number of particles in scattering volume relevant, not positions
= fluctuations in N important
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Thermodynamics and Fluctuations

subsystem in bigger reservoir

total energy / free energy / enthalpy conserved

equilibrium maximizes total entropy S; = S, + Ss
propability for fluctuation with AS; :  p oc exp(AS;:/kg)

fluctuation in variables x; small — Taylos series:

9S; 1 0°S;
St Z an o XJ+ 2%{: 8)(_,'(9Xk w Xj QX
7T N,
=0 <0

now: look at number fluctuation AN = N — Ngg in subsystem
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Thermodynamics and Fluctuations

1 825r 6255 2
A = = AN
St 2 (aNz e 8,\/2 e ( )
1 925, >
~o— AN
2 ON? eq( )
= x exp(AS:/kg) = ex L oS, (AN)?
P PRESTB) = EP | 2ke oM |,
925, |7 op | " oP| !
= ((AN)?) = kg n| = =1 = (N)pksg T ——
(ANR) = ke gae|, =T anl,, = NrkeT 5yl
= <N>pk5 TXT
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Compressibility Equation

(AN?Z)
(N)

S(g—0)=1+p / dr(g(r) — 1) = _ s

compressibility equation connects
@ microscopics: pair correlation function g(r)
@ thermodynamics: isothermal compressibility x 7

@ experiment: forward scattering S(g — 0)
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Why Measure Compressibility?
thermodynamic potential: free energy
F(T,V,N)=U— TS = —kgT In(Zy)

e description of system in terms of the chosen
state varibles (T, V, N)

@ connects to statistical description via the

partition function \ /

Zn = paw | dr exp(=3V(r)) v

e involves and produces all thermodynamic
system parameters
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Why Measure Compressibility?

thermodynamic potential: free energy
F(T,V,N)=U—-TS = —kgT In(Zy) F
e description of system
Vv
equation of state: P(T,V,N) = — 50|
= alternative description of system PO
isothermal compressibility: v
aP a
x(T,V,N) =~ (V W‘T,N)
e connects directly to scattering experiment <
= provides information on system behavior
Vv
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|deal Gas: Dilute Solutions

FELIX ROOSEN-RUNGE — AG SCHREIBER

Ideal Gas:
e no interactions V(r) =0 Forward Scattering
5 v I(g—0) = Nf2,5(q—0)
N == —_—
NIASN = NfZ,pksTx
F = NkgT(In(A3p) —1) _ NP
N - coh
pP = v 7 Information from N f.op:
g _ N _, e molecular weight M,,
X v e molecular volume v,
e number density /
. concentration
e constituents of particles
v
£ FORWARD SCATTERING AND COMPRESSIBILITY E 2 g Y

UNIVERSITAT
10 /15 “TYBINGEN




Real Gas: Virial Expansion

interactions V(r) £0 = P(p)=kgT Y. Bjp/
j=0

Pertubation from ideal gas
with Mayer-function as parameter: f(r) = exp(—3V/(r)) —

2 = gyow | @ TLeo-0V(50)

Jj>k
1 N
= NIAN dr H(l + f(rjk))
Jj>k
1
= SR / drV [ 1+ f(rw) + O(F?)
>k
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Real Gas: Virial Expansion

interactions V(r) £0 = P(p)=kgT Y. Bjp/
j=0

Pertubation from ideal gas
with Mayer-function as parameter: f(r) = exp(—8V/(r)) — 1

1
Zy = NWN/dHV 14+ 3 f(r) + O(F2)
>k
VN L NN-1)
S i (TP oy

Second virial coefficient

B, — —2r [ dR R2 (exp(—BV(R)) — 1)
0]
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Real Gas: Virial Expansion up to Second Order

Real Gas:

o (pairwise) interactions

BP ~ p+ Bap?
% ~ p + 2B p?

\'}
1 1 . . .
q=0) = = f2h5(Q ~0) o dilute limit as in ideal .g.as
1C° ° meas.u.rement of 2nd virial
N NP (14 2Bsp) coefficient By
zeli — information on interaction
v ' EBERHARD KARLS
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Real Gas: van der Waals equation

Real Gas:
e interactions — P = P(p)

o excluded volume due to particle
volume

BP = tt5; — Bap®

\'}
@ measurement of spinodal
I{g—0) x x71(p) — information on phase

xT(spinodal) — oo diagram
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Remark: Polydispersity / Incoherent Scattering

@) 2 NE.(q)+ Ni2(a)S(a) | (x): decoupling approx.

fon(q) = (fi(q)) . fae(a) = (F7(@) — (£i(q))?

Is 2

inc
@ rotational polydispersity: for ¢ < 27 Dparticle, fine Vanishes
(Rayleigh-scatterer)

negligible for /(g — 0)?

@ oligomerization: not negligible, since scattering amplitude
remains different also for small g
Example BSA: dimerfraction around 20 %
f2,(q — 0)= (0.8 fo+0.2-2f)? = 1.44f2

f2.(q—0)=0.8-f7+0.2 4fy — 2, ~0.16f7 ~ 0.1f2
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Summary

compressibility yields information on
X \. = repulsion

X /° = attraction
X — 00 = spinodal

@ system phase behavior,
@ particle interaction and

@ particle properties

forward scattering probes compressibility

@ compressibility equation:
S(g—0)=1+p [ dr(g(r) - 1) = B = pks Tx7

e valid for ¢ < 27/ reorr,max

o for negligible polydispersity / incoherent scattering:
I(g — 0) x S(g — 0)

forward scattering, e.g. light scattering and (U)SAXS, provides

information on the thermodynamics of the system
EBERHARD KARLS
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Literature

Detailed derivations of the discussed relations can be found in:

o J.-P. Hansen, I.R. McDonald: Theory of simple liquids,
3rd Edition, Academic Press, 2006.
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