




Scattering and Structure Factor

ρ(r) =

N∑

j=1

fj δ(r − rj) scattering density

I (q) = FT [〈ρ(r ′)ρ(r + r ′)〉] scattering intensity

=

〈
N∑

j=1

N∑

k=1

fj(q)fk(q) exp(iq(rj − rk))

〉

(∗)
= N f 2

inc(q) + N f 2
coh(q)S(q) | (∗) : decoupling approx.

fcoh(q) = 〈fj(q)〉 , f 2
inc(q) = 〈f 2

j (q)〉 − 〈fj(q)〉2

S(q) =
1

N

〈
N∑

j=1

N∑

k=1

exp(iq(rj − rk))

〉

structure factor

,

Forward Scattering and Compressibility

Felix Roosen-Runge – AG Schreiber 3 / 15



Structure Factor S(q) and Pair Correlation Function g(r)

S(q) =
1

N

〈
N∑

j=1

N∑

k=1

exp(iq(rj − rk))

〉

= 1 +
1

N

∫

dr exp(−iqr)

〈
∑

j

∑

k 6=j

δ(r + rj − rk))

〉

︸ ︷︷ ︸

Vρ2g(r)

= 1 + ρ

∫

dr exp(−iqr)(g(r) − 1) +
ρ

V
δ(q)

−→
q→0

1 + ρ

rcorr,max∫

0

dr(g(r) − 1)

[

valid, if q ≪
2π

rcorr,max

]

,
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Forward Scattering: S(q → 0)

finite and fixed scattering volume V ⇒ ρ = 〈N〉
V

S(q → 0) = 1 + ρ

∫

dr(g(r) − 1)

= 1 +
1

〈N〉

∫

dr





〈
∑

j

∑

k 6=j

δ(r + rj − rk))

〉

− ρ〈N〉





= 1 +
〈N2〉 − 〈N〉

〈N〉
− 〈N〉 =

〈N2〉 − 〈N〉2

〈N〉
=

〈∆N2〉

〈N〉

⇒ for q → 0, i.e. q ≪ 2π/rcorr,max:
number of particles in scattering volume relevant, not positions

⇒ fluctuations in N important

,
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Thermodynamics and Fluctuations

subsystem in bigger reservoir

total energy / free energy / enthalpy conserved

⇒

{

equilibrium maximizes total entropy St = Sr + Ss

propability for fluctuation with ∆St : p ∝ exp(∆St/kB)

fluctuation in variables xj small → Taylos series:

∆St =
∑

j

∂St

∂xj

∣
∣
∣
∣
eq

︸ ︷︷ ︸

=0

∆xj +
1

2

∑

j ,k

∂2St

∂xj∂xk

∣
∣
∣
∣
eq

︸ ︷︷ ︸

<0

∆xj∆xk

now: look at number fluctuation ∆N = N − Neq in subsystem

,
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Thermodynamics and Fluctuations

∆St =
1

2

(

∂2Sr

∂N2

∣
∣
∣
∣
eq

+
∂2Ss

∂N2

∣
∣
∣
∣
eq

)

(∆N)2

≈
1

2

∂2Ss

∂N2

∣
∣
∣
∣
eq

(∆N)2

⇒ p ∝ exp(∆St/kB) = exp

(

1

2kB

∂2Ss

∂N2

∣
∣
∣
∣
eq

(∆N)2

)

⇒ 〈(∆N)2〉 = kB

∂2Ss

∂N2

∣
∣
∣
∣

−1

eq

= kBT
∂µ

∂N

∣
∣
∣
∣

−1

T ,V

= 〈N〉ρkBT
∂P

∂V

∣
∣
∣
∣

−1

T ,N

= 〈N〉ρkBTχT

,
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Compressibility Equation

S(q → 0) = 1 + ρ

∫

dr(g(r) − 1) =
〈∆N2〉

〈N〉
= ρkBTχT

compressibility equation connects

microscopics: pair correlation function g(r)

thermodynamics: isothermal compressibility χT

experiment: forward scattering S(q → 0)
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Real Gas: Virial Expansion

interactions V (r) 6= 0 ⇒ P(ρ) = kBT
n∑

j=0

Bj ρj

Pertubation from ideal gas

with Mayer-function as parameter: f (r) = exp(−βV (r)) − 1

ZN =
1

N!Λ3N

∫

drN
∏

j>k

exp(−βV (rjk)))

=
1

N!Λ3N

∫

drN
∏

j>k

(1 + f (rjk))

=
1

N!Λ3N

∫

drN



1 +
∑

j>k

f (rjk) + O(f 2)





,
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Real Gas: Virial Expansion

interactions V (r) 6= 0 ⇒ P(ρ) = kBT
n∑

j=0

Bj ρj

Pertubation from ideal gas

with Mayer-function as parameter: f (r) = exp(−βV (r)) − 1

ZN =
1

N!Λ3N

∫

drN



1 +
∑

j>k

f (rjk) + O(f 2)





≈
V N

N!Λ3N

(

1 + B2
N(N − 1)

2V

)

Second virial coefficient

B2 = −2π
∞∫

0

dR R2 (exp(−βV (R)) − 1)
,
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Remark: Polydispersity / Incoherent Scattering

I (q)
(∗)
= N f 2

inc(q) + N f 2
coh(q)S(q) | (∗) : decoupling approx.

fcoh(q) = 〈fj(q)〉 , f 2
inc(q) = 〈f 2

j (q)〉 − 〈fj(q)〉2

Is f 2
inc negligible for I (q → 0)?

rotational polydispersity: for q ≪ 2πDparticle, finc vanishes
(Rayleigh-scatterer)

oligomerization: not negligible, since scattering amplitude
remains different also for small q

Example BSA: dimerfraction around 20 %
f 2
coh(q → 0) = (0.8 · f0 + 0.2 · 2f0)

2 = 1.44f 2
0

f 2
inc(q → 0) = 0.8 · f 2

0 + 0.2 · 4f0 − f 2
coh ≈ 0.16f 2

0 ≈ 0.1f 2
coh

,
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Summary

compressibility yields information on

system phase behavior,

particle interaction and

particle properties

χ ց ⇒ repulsion
χ ր ⇒ attraction
χ → ∞ ⇒ spinodal

forward scattering probes compressibility

compressibility equation:

S(q → 0) = 1 + ρ
∫

dr(g(r) − 1) = 〈∆N2〉
〈N〉 = ρkBTχT

valid for q ≪ 2π/rcorr,max

for negligible polydispersity / incoherent scattering:
I (q → 0) ∝ S(q → 0)

forward scattering, e.g. light scattering and (U)SAXS, provides
information on the thermodynamics of the system

,
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